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MOTIVATION

1. Maxwell group
2.  Summary of Literature
3. Influence area of Maxwell group
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What is the Maxwell Algebra?

The Maxwell algebra is a non-central extension of the Poincare algebra, in which
the momentum generators no longer commute, but satisfy [P,, P,| = Z,;. The
charges Z,;, commute with the momenta, and transform tensorially under the
action of the angular momentum generators.

If one constructs an action for a massive particle, invariant under these
symmetries, one finds that it satisfies the equations of motion of a charged particle
interacting with a constant electromagnetic field via the Lorentz force.

G.W. Gibbons, J. Gomis and C. N. Pope, PHYSICAL REVIEW D 82, 065002 (2010)

~S

[P.,P,]=0 — |P,P,|=iZ,




Maxwell Algebra

If we enlarge the Poincare algebra by six additional tensorial abelian generators as
showed below then we get Maxwell algebra.

Maxwell algebra New momentum op.

:Mab’M ] = i(nadec +MpeMag = NacMyg — nbdMac) _ i(aa +eA, (X)) |:> (iyaﬂa _ m)\y(x,f) _0
_Mab’H ] (nbcHa - nach) .

1,01, ] = iF, A, (x)=2f,"x, [> fo = 0A, (X)—0,A, (X)
-Mab’F ] = i(nadec + NpeFad = NacFoa — nbdFac) Where,

[ ab,ch] 0 A, : Electromagnetic potential, e: Electric charge

i fap: Electromagnetic field tensor

F,.I1.]=0

This antisymmetric generator Fj,,; can be used to describe the motion of a relativistic particle in a
constant electromagnetic field.

If we select Fj;p; = 0 then we get well-known Poincare algebra which describes flat Minkowski space-
time.

H. Bacry, P. Combe, and J.L. Richard, Nuovo Cim. 67, (1970), 267
R. Schrader, Fortsch.Phys. 20, (1972), 701-734




Maxwell Algebra

* In 2005 D. V. Soroka, V. A. Soroka shows us the Maxwell algebra can be found with new

additional tensorial coordinate 8%? and corresponding tensorial derivative d,;, = %.
Maxwell group Differential realisation
- : of generators:
_Mab’Mcd] = I(nadec + T]bcl\/lad T 1/‘lacl\/lbd _ T‘lbdl\/lac )
:Mab’Pc] - i(T]bcl:)a _ T]acpb) Pa — i(aa o % Xbaab)
:Pa’Pb] =1Z,, Loy = iﬁab
:Mab’zcd] — i(nadzbc + T]bczad _ T]aczbd o T]bdzac) Mab — i(Xaab B Xbaa) N Zi(eacabc B ebcaac)
-Zab, ch] =0 D. V. Soroka, V. A. Soroka, Physics Letters B 607
i (2005) 302-305.
Z s PC] =0

Some relations of tensorial coordinates and its derivatives:

5 0% = %(6;53 = 5562)| [0x° = 0] [0 =0] [[0pr00a] =0




A Brief Summary of Litarature

Gauge Theories of Some Important Groups
Lorentz group Weyl group De Sitter group Affine group
: : J.M. Charap and W. T. Kawai and H. A.B. Borisov and V. I.
Gauge Theories of Maxwell Groups
Simple Semisimple Maxwell-Weyl AdS-Maxwell Maxwell-Affine
Maxwell Group l Maxwell Group Group Group Group
JA Azcarraga,.K. . D.V. Soroka, V.A. O. Cebecioglu, S. = Durl.<a, ). Kowalski- O. Cebecioglu, S.
Kamlmu_raz,OJl.cI)_uklerskl Kibaroglu -2014 Schzgth;rni I;/Io'll Kibaroglu -2015
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Influence Area of Maxwell Group

Cosmological New
constant symmetries
Dark Extended
energy gravity
. HS
Supergravity

fields
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GENERAL OVERVIEW

1. Aim and method
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Aim

Our fundamental aim is
to going beyond the
basic gravity.



Method

: . Extended
Space-Time . Extension with . e

antisymmetric

Sym metry tensor generator (Maxwe”)
J Symmetry
4 s ] '
upersymmetric . Gauge Theor
extension of the Extended Gravity | & | y
extended (Maxwell Gravity) e Differential Geometry
symmetry
/
Super Maxwell
Gravity
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MAXWELL-WEYL GROUP (MW(1,3))

1. Tensor extension of Weyl algebra
2. Gauge theory of Maxwell-Weyl group
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Tensor Extension of Weyl Algebra

Weyl algebra:

:Mab’Mcd] = i(nadec + nbcMad B nachd B 11bd|\/|ac )
:Mab’Pc] = i(nbcl:)a B nach )

:Pa’Pb] =0
D,D]=0

P..D] =P,
:Mab’D] =0

Weyl algebra contains three
generators (M, P,, D). These
genrators correspond to Lorentz,
momentum and scale symmetry
respectively.

Differential realisation of the
generators:




Tensor Extension of Weyl Algebra

Maxwell-Weyl algebra:

:Mab ’ Mcd] = i(nadec + Tlbcl\/lad — nachd o T]bdlvlac)
:Mab’Pc ] = i(lecpa o nacpb)

:Pa’Pb] =1Z,,
D,D]=0
P,.D]=iP,
M,,,D]=0

:Mab’ ch] = i(nadzbc + T‘lbczad o 11aczbd o nbdZac )

Z:P.]=0
Z.,,D]|=2Z,

Weyl algebra can be extended
as in the box.

This algebra satisfy all Jacobi
Identities.

Where Z,;, are antisymmetric
generators.

One can find this algebra with different notation in following paper:
S. Bonanos, J. Gomis, K. Kamimura, and J. Lukierski, Journal of Math. Phys. 51, 102301 (2010)




Tensor Extension of Weyl Algebra

In order to find differential realisation of generators,
we use following coset transformation;

K (X’, 0 G’)h (03) = g'(a, e\, u)K (X, 0, G)

Where,

g (X, 0.6, 0)) _ eix(x)-Peie(x)-Zelc( )De—zco( )M

g(a,S,k,U) elaPelaZemDe L

K(x,6,0)=e e 7gk0 8x® =a® + Ut x* +Ax®

00 = A

S(Dab _ uab

56% = £ + Ul* 6 + 20.0%° —

4

ia

[ayb]




Tensor Extension of Weyl Algebra

Trasformation of scalar field is defined by;

O'(x%,0%) = @ (x* - 8x*,0% — 56 )

If we use 6x and 66 on the trasformation law of scalar field and compare
following equation;

3@ (x,0)=(ia-P+ic-Z+irD - fu-M)®(x,0)

Then we get;

P, =i(8, —5X"0,)

Z., =io,,

D =i(x%0, +20™0,, )

M, =i(x.0, —X,d,)+ 2i(6.°0,. —6,°0..)




Gauge Theory of Maxwell-Weyl Group

Defining gauge field ( A ) by;

A=A X, Where XA represents group generators

R n " and e B, v, w are associated gauge
=e’P, +B"Z,, +yD-20™M_,| |fields.

If we going over the space-time indices e? B, y and w? take the following form;

e” =eldx", 0* = dx", y =y, dx", B =B dx"

Also gauge field and its variation can be written by;

A =eP + Bﬁbzab + %D — %mibMab
8A, =8e’P, +5B°Z,, + 8y, D—180M,,




Gauge Theory of Maxwell-Weyl Group

To find variation of gauge field, we can use the following formula;

34, =-0,6—-i[ 4,.C]

Under a local gauge transformation with the values in Maxwell algebra {(x);

(=2 (9%,
=y ()P, 0% (x)Zs +p(1)D - 37 (x)M,

We get following transformations;

Sei = —6“ya = (oi Y- Xuya — eﬁrac - pei

a a a C a a C a 1 a
SBub =-0,0 - wLC(p - 2y, 4+ 1 CBMb] o+ 2pBMb + EeL y"
oY, =—0,p

ab _ ab _[a _cb]
o, =—0,T — T




Gauge Theory of Maxwell-Weyl Group

The curvature forms can be found with the use of following equations;

=dA+ 5[4, 4] Where: | [F = F*X, =F°P, + F*Z_ +fD—1R*M,
One gets;
F*=de® +w’, A€’ +yne’

=dB® + 0® AB® + 2y AB* —1e® n€°
f=dy
R* = do® + 0, A 0
If we going over space-time indices;

Ry = 04,87 + 00 + X, 85
F* = 2FLdx* Adx” 1
ab cb] ab a b
F -2 ijdxu AN dX j‘> FH a[HBU] T (D B T ZX[HBU] [MeU]
_1 I _

f= 2fwdx A dx® fw = a[“XU]
R® = 1R®dx" A dx® ab ab a _.cb

2w Ruv = 0,00 + 00




Gauge Theory of Maxwell-Weyl Group

To find the variation of curvatures under local gauge transformation one uses;

5F,, =i[GF, |

We get;

8F% =-y*f , —R%, Y+ pF, + rabF:;U

C "uv C po

a a a C 1 a a a C
SF2 =-2¢%F, + @R — Ey[ Fol + 2pF% + 1 F)
5, =0

SR = £l% R

C ‘uo




Gauge Theory of Maxwell-Weyl Group

To find an invariant Lagrangian under gauge transformation, we have to take into
consideration scale(dilatation) symmetry.

In our case, variation of metric tensor does not vanish. This issue relates to Weyl gauge
theory.

L This is major difficulty of constructing of
Sg“\; (X) o 2p (X) gHV (X) an invariant Lagrangian.

W(gw) = +2
Describing a weyl weight by ‘w(f)’ then one W( W) _ 5
gets expressions about metric. 9 )=

W(@)ZW(G)=+4

The free gravitational action requires Weyl weight zero. This

Sf — J‘ d4xe£f condition implies that the Lagrangian density must have
W(Lf) = —4,




Gauge Theory of Maxwell-Weyl Group

Weyl| weights of curvatures and gauge fields written as;

a : - - .
W (F ) —1 Ilw (ea ) -1 One can ejasﬂy'see that the Einstein-Hilbert act-lon
nv does not invariant under the scale transformation.

ab) ab\ _
w(FD)=2|w(B)=2 > SE_H=ijd4XGR
w(fw):O W(xw):o 2K
To overcome this difficulty, if we multiply it by a

W (Ras ) =0||lw ((Dab) — (| compensating scalar field ¢ introduced by Brans-
i Dicke (1961) and elaborated by Dirac (1973), we

W (R) = -2 ||W (e) =i can form a Weyl invariant action linear in R.

In our approach we will follow Dirac’s idea. 1 4 5
The scalar field ¢ with w(¢) = —1 lets o = —pd S=— j d Xe(l) R
®°R be a regular part of Ls, and hence the 2K

mbination is invariant under I
combination is ariant under scale C. Brans and R. H. Dicke, Phys. Rev. 124, 925 (1961)

transformation. P. A. M. Dirac, Proc. R. Soc. Lon. A. 333, 403-418 (1973)




Gauge Theory of Maxwell-Weyl Group

Covariant derivative can be written following form;

DO ={d+o+w(D)y|d

From here one can write Bianchi identities;

The curvatures take form;
F¢ = De®

ab ab 1 AQa b
F* =DB™ —;e" ne
f=dy
Rab — D(Dab

DF* =R* Ae’ +fae?
DF® =RP_AB® +2f AB* —%F[a NG

DR*® =0, Df=0.

Now we can start to construct Lagrangian.




Gauge Theory of Maxwell-Weyl Group

It is easy to see that following equation has zero weyl weight. We can start to construct
Lagrangian with this shifted curvature;

jab _ Rab Zy(I)ZFab

With this combination we have an Einstein Lagrangian that involves the curvature scalar
linearly. Therefore we consider the following Lagrangian density 4-form as our starting
point for the free gravitational part:

L = I isabchab A J%
2Ky
_ 1 Rab Rcd 2 1 ab cd 4 l ab cd
=~ &apcd A + (1) 8abcdR ANET+ (I) Sabch ~F
K K

Where y and k are constants and the first term can be ignored because it is a closed
form.




Gauge Theory of Maxwell-Weyl Group

The introduction of a compensating field forces us to add its kinetic term to the
Lagrangian. We then get the total action for vacuum as follows:

1

L, :fAf—§D¢A*D¢+%¢4*1

Where A is another constant. Our complete action is the sum of the free gravity
action and the vacuum action,

-
4i €., 4R AR +¢° e e, R AFY+¢* Le F® AFS
S :J- KY K K
1 * }\v 4 %

\

N




Gauge Theory of Maxwell-Weyl Group

Then we get following equations of motion;

5,5=0 - D(¢°F*)-J® AB® =0

0 a7 A6+ Z[ DD+ DA (0, n0,) D)

0,S5=0 — 1 1 \ =0
_Z(fcbeb VAN *f _Egabcdfabed VAN fj + Z(I)4 *ec

8,5=0 - D(¢°T*)=0

2(1)2 ab cd 1 * %
K

§,5=0 — Z—fsabcdjab AFY + DD +14°"1=0




Gauge Theory of Maxwell-Weyl Group

One can find following expression thanks to using second equation of previous page;

(1)2 (jab B %Sabjj _§|:Da(|)D (I) 163 (DC(I)DC(I) _ %¢4j + (facfcb B %Sabedfcd j:|

If we swich from tangent space indices to space-time indices then one gets the field
equation with a cosmological term depending on the dilaton field;

R~ 28 R-31%5", =2(T(B)' -~ [T(o), +T(F)" ]

T(B) =etelD, By —%8“ (efesD,B)

The energy-momentum tensors: 1

T(9), = DD -2, [mm - gcl)j

0. Cebecioglu and S. Kibaroglu PHYSICAL REVIEW D 90, 084053 T(f L fpﬁf 1 SH .I:yS.I:
(2014) ( ) - 4V
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